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The foundational knowledge relating to Measure & Ergodic Theory, that has
not been covered elsewhere, was provided by Robertson (2023).

Definition 0.1 (Gleason (2010)). A topological measure space (𝑋, ℬ, 𝜇) is a
topological space (𝑋, 𝜏) such that ℬ is generated by the open sets defined by
the topology 𝜏, i.e., ℬ = Borel(𝑋) = 𝜎(𝜏), and 𝜇 is a measure on this space.

A Borel measure is the measure 𝜇 on a topological measure space (𝑋, ℬ, 𝜇)
where (𝑋, 𝜏) is Hausdorff.

A regular (Borel) measure is a measure on a Borel measure space (𝑋, ℬ, 𝜇) such
that the following hold:

1. *Finite Compact Measure*: For any compact subset 𝐾 ⊆ 𝑋, then 𝜇(𝐾) <
∞.

2. *Outer Regularity*: For any 𝐵 ∈ ℬ, then

𝜇(𝐵) = inf{𝜇(𝐶) ∣ 𝐵 ⊆ 𝐶, 𝐶 is open}.

3. *Inner Regularity*: For any 𝑈 ∈ 𝜏, or, in other words, any open subset
𝑈 ⊆ 𝑋, then

𝜇(𝑈) = sup{𝜇(𝐾) ∣ 𝐾 ⊆ 𝑈, 𝐾 compact}.

1

../../MathsNotes/0_Fundamental/group.html


A left-Haar measure [or right-Haar measure] on a topological group (Γ, 𝜏) is a non-
zero regular Borel measure 𝜇 on Γ such that 𝜇(𝛾 ⋅𝐵) = 𝜇(𝐵) [or 𝜇(𝐵 ⋅𝛾) = 𝜇(𝐵)]
for all 𝛾 ∈ Γ and 𝐵 ∈ 𝜎(𝜏).
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