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Definition 0.1 (Kra et al. (2022), Definition 2.1). For a system (𝑋, 𝜇, 𝑇 ) we
say that the system (𝑌 , 𝑢, 𝑆) is a measurable factor of (𝑋, 𝜇, 𝑇 ) if there is a
measurable map 𝜋 ∶ 𝑋 → 𝑌, the measurable factor map, such that 𝜋(𝜇) = 𝑢 and
(𝑆 ∘ 𝜋)(𝑥) = (𝜋 ∘ 𝑇 )(𝑥) for 𝜇-almost every 𝑥 ∈ 𝑋.

Proposition 0.1 (cf. Host (2019), Proposition 5). Let (𝑋, Γ) be a topological
dynamical system where Γ is an amenable group, 𝑥0 ∈ 𝑋, and 𝜇 be an ergodic
invariant probability measure supported on the closed orbit of 𝑥0 under the action
of Γ.

Let (𝑍, 𝑚𝑍, 𝐻) be the Kronecker factor of (𝑋, 𝜇, Γ), with factor map 𝜋 ∶ 𝑋 → 𝑍.

Let 𝑋 × 𝑍 be endowed with the group action of Γ × 𝐻. Let ̃𝜇 be the measure on
𝑋 × 𝑍 and image of 𝜇 under the map 𝑋 → 𝑋 × 𝑍 where 𝑥 ↦ (𝑥, 𝜋(𝑥)).

Then there exists a Følner sequence Φ̃ and a point 𝑧0 ∈ 𝑍 such that (𝑥0, 𝑧0) is
generic for ̃𝜇 along Φ̃.
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