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Abstract

We follow steps provided by the paper published by (Host, 2019), ‘A
Short Proof of a Conjecture of Erdés Proved by Moreira, Richter and
Robertson’, as well as using the results provided by (Kra et al., 2022),
to generalise the proof of Erdds’s conjecture for amenable groups. The
main result that we aim to prove is: ‘every positively dense subset of
an amenable group contains the group sumset of k infinite sets for every
natural number £’
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Notation
Term Description
N The Natural Numbers: 1, 2, 3, ..

(Source)

1 Introduction

Theorem 1.1 (cf. (Host, 2019), Theorem 1). Let (T, - ) be an amenable group.
If A C T has positive density, then there exists infinite subsets B and C of T’
such that B-C C A.

Theorem 1.2 (cf. (Host, 2019), Proposition 2). There exists a set of positive
density not containing any sumset of positive density and an infinite set.

Theorem 1.3 (cf. (Kra et al., 2022), Theorem 1.1). Let (T', - ) be an amenable
group. If A C T has positive density then, for every k € N, there are infinite
subsets By, ..., B, CT" such that By - - - B, C A.

2 Preliminaries

We will use N ={1,2,3,...} and e to denote the identity of the group T'.

2.1 Amenable Groups and Actions

Throughout this paper, unless otherwise specified, we will let (I, - ) be a second
countable discrete group. This also means that the Haar measure of I' is the
counting measure.

Definition 2.1. We define a right-Fglner sequence in I' as a sequence ¢ =

(®n) nen Of finite subsets of I' satisfying

MA@y Py _
lim ——————— =1,
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for all v € T'.

Similarly, we define a left-Folner sequence in T' as a sequence ® = (P ) yen Of
finite subsets of I" satisfying

. Myt ey ndy
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for all v € T.
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We call a sequence in I" a Fglner sequence if it is both a left and right Fglner
sequence.

For simplicity of this paper, we will use the alternative and equivalent definition
that a group, I, is amenable (and second countable) if and only if it has a Fglner
sequence.

Definition 2.2 (Lindenstrauss (2001), Definition 1.1, Proposition 1.4). A se-
quence of sets ® = (D) yen Will be said to be tempered if, for some b > 0 and
alln e N,

A oty <Ay (1)
1<k<N

is referred to as the Shulman condition.

1. Every Folner sequence ® = (® ) yen has a tempered subsequence.
2. Every amenable group has a tempered Falner sequence.

Definition 2.3. For A CI' and Fglner sequence ® = (®5)> |, we write

de(A) = lim sup ————
<1>( ) N_)OOP X

L AMAND

dy(A) = lin inf —7—=

to be the upper and lower densities of A with respect to ®, respectively. If these
agree, then we can write

AMND
d(4) = lim ===

to be the density of A with respect to ®. We also define the upper Banach density
of A by

d(A) = supdg(A) : for Folner sequences ® where dg(A) exists.

2.2 Topological Dynamics of Group Actions

Definition 2.4 (Bekka and Mayer (2000) Section 2). An action of a group, T,
on a measurable space (X, %) is a measurable mapping

I'xX =X, (v,2) = vya

with the following properties:

1. Associativity: For all 4,7" € T,z € X, then v.(y".2) = (y-v).x
2. Identity: There exists an identity element e € T" such that e.xz = z for all
z e X.



3. Quasi-Invariance: For any B € % and for all v € I', we have u(vy.B) =0 if
and only if u(B) = 0.

The action of T" is also ergodic if it satisfies the additional property:
4. If B € % and u(B) = p(y.B) for any v € I', then u(B) = 0 or p(X\B) = 0.

Definition 2.5. A topological dynamical system under the action of T, denoted
(X,T), is a compact metric space X that has continuous surjective maps, (v, x)
~v.z, for all y € T

Definition 2.6. Let x € X, ® = (®y)yeny be a Folner sequence in I' and p a

probability measure on X. Where ¢, is the Dirac mass at z, if

1
—_— E Oy —  pas N — oo,
|(I)N| NED N weakly

then we say x is generic for p with respect to ® and we denote this with
x € gen(p, ®).!

2.3 Recurrence Results & Ergodic Theorems

Theorem 2.1 (Bergelson (1985), Theorem 1.1). Let (X, %, u) be a probability
space and suppose that B, € & such that u(B,) =b >0 for all n € N.

Then there exists a positively dense index set I C N such that, for any finite

subset F' C I, we have
7 (ﬂ Bi> > 0.
icF

Theorem 2.2 ({{< term-title ref= “thm-GeneralisedPET” removeURLs=true

>1})-

2.4 FErdos Cubes & Cubic Measures
2.5 Factor Maps

2.6 Key Dynamical Results

Theorem 2.3 (cf. Host (2019), Theorem 3). Let (X,T') be a topological dynam-
ical system where I' is an amenable group, xq € X, E be a clopen subset of X
and

A={yeTl:~vz,€ E}.

Let X x X be acted upon by I' x I'. Let x; € X and v be a measure on X x X
such that (zq,x;) is generic along some Fplner sequence ® = (P y) yen-

Lconsider tempered separately as the FOP construction only depends on sequential com-

pactness



Assume there exists € > 0 and a sequence (s;);cn @ I' such that
5.y — @y as i — 00 and v(s;'.E x E) > ¢ for all i.

Then there exist infinite subsets B,C C T' such that B-C C A.

Theorem 2.4 (cf. Kra et al. (2022), Theorem 3.5). Let (X, u,I') be an ergodic
system under the action of I' and let E C X be an open set with u(E) > 0.

If a € X is generic for p with respect to some Foplner sequence ® then, for every
k € N, there exists 2-dimensional Erd”{o}s cube & = (g, Ty, T10, L11) € X2
with £yy = a and x1; € F.

Theorem 2.5 (cf. Host (2019), Theorem 4.4). Let (X, u,T") be an ergodic system
under the action of I' and let E C X be an open set with p(E) > 0.

If a € X is generic for p with respect to some Foplner sequence ® then, for every
k € N, there exists k-dimensional Erd”{o}s cubes x € XM with x5 = a and
ri € .

3 Proof of Theorem Theorem 2.4

3.1 Furstenberg’s Correspondence Princple

Theorem 3.1 (cf. Kra et al. (2022), Theorem 2.10). Let I' be an amenable
group, A CT', and ® be a Fglner sequence in I' such that the limit

ANy
(5: lim ———
N—oo )‘(I)N

exists.

Then there exists an ergodic system (X, u,T') that is acted on by T, a clopen set
E C X, a Folner sequence ¥V in ', and a point a € X that is generic with p with
respect to ¥ such that u(E) > 6 and

A=~el :va€F.

3.2 Kronecker Factor

Proposition 3.1 ({{< term-title ref= “prp-KroneckerGeneric” re-
moveURLs=true >1}}).



3.3 Choosing a point z;
3.4 The joining v

3.5 Proof Conclusion

4 Proof of Corollary (ref)
5 Proof of Theorem (ref)
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